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Abstract 

Quantum mechanical operators and quantum fields are interpreted as re- 
alizations of timespace manifolds. Such causal manifolds are parametrized by 
the classes of the positive unitary operations in all complex operations, i.e. 
by the homogenous spaces Y){n) = GLi{(£'^)/\J{n) with n = 1 for mechan- 
ics and n = 2 for relativistic fields. The rank n gives the number of both 
the discrete and continuous invariants used in the harmonic analysis, i.e. two 
characteristic masses in the relativistic case. 'Canonical' field theories with the 
familiar divergencies are inappropriate realizations of the real 4-dimensional 
causal manifold D(2). Faithful timespace realizations do not lead to diver- 
gencies. In general they are reducible, but nondecomposable - in addition to 
representations with eigenvectors (states, particle) they incorporate principal 
vectors without a particle (eigenvector) basis as exemplified by the Coulomb 
field. 
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Introduction 

Quantum theory deals primarily with operations - e.g. timespace trans- 
lations and rotations or hypercharge and isospin transformations. Its experi- 
mental interpretation relies on states or particles, i.e. eigenvectors of asymp- 
totically relevant operations. The particle properties (mass, spin, charge etc.) 
we are measuring are the corresponding eigenvalues. The modality structure 
of quantum theory, e.g. the probability amplitudes, is formulated using com- 
plex linear structures with conjugations. Therefore, complex linear operations 
and their unitary substructures - not necessarily positive unitary^ - play the 
central role in quantum theory. 

The characterization of particles as positive unitary irreducible represen- 
tation of the Poincare group by Wigner Jl^ is an asymptotic experimentally 
oriented language. A particle language, i.e. an eigenvector basis, is too narrow 
to describe interactions. Following up the identity of particles in their inter- 
action is impossible - one tries to evade or circumvent the particle-interaction 
complementarity using words and concepts like 'off shell' or 'virtual particles' 
or 'ghosts' etc. There are interaction structures which do not show up in the 
projection to a particle basis. 

First of all, the nontranslative homogeneous interaction symmetries are 
truly larger than particle symmetries. Concerning external operations, par- 
ticles have homogeneous symmetry properties only with respect to the 'little 
groups' spin SU(2) or helicity (polarization) U(l), which are true subgroups of 
the interaction compatible Lorentz SL((C^) group. With respect to the inter- 
nal operations as seen in the interactions of the 'standard model of elementary 
particles', there remains for particles only an abelian U(l) electromagnetic 
symmetry, defined as the internal 'little group' (fixgroup) of the degenerated 
ground state, as subgroup of the hyperisospin transformation group U(2). If 
colour SU(3) confinement holds, only colour singlets arise as particles. 

In addition to these projections from the 'large' interaction symmetries 
to the 'little' particle symmetries, both for external and internal operations, 
there are operational structures in the dynamics without any asymptotic par- 
ticle trace, the most prominent ones given by the Coulomb and gauge degrees 
of freedom of the standard interactions, formalized in relativistic nonabelian 
quantum field theory in cooperation with Fadeev Popov degrees of freedom 
[|^, TT]. All those 'ghost' structures come in connection with indefinite unitary 



representations of timespace translations ultimately tied to the indefinite 
structure of the noncompact Lorentz group 0(1,3) which is indispensible for 
a nontrivial relativistic causal order. 

This paper is an attempt to connect the asymptotic concepts 'particle' and 
even 'time' and 'space' with the interactions on a deeper operation oriented 

level. Timespace will be formalized by a coset structure - as the noncom- 
pact real homogeneous space T){n) = GL((E'^)/U(n) which is the manifold 
of the positive unitary, probability amplitude related operations U(n) in all 
complex linear ones. The causal manifold D(n) has real dimension and real 
rank n. The abelian case n = 1 involves the real 1-dimensional causal group 



In the orthogonal and unitary groups 0{N-^^ , N^) and \J{N+ , N-) resp. the positive orthogonal and 
unitary ones are 0{N) and V{N) resp. 



(time) D(l) as the framework which is extensively used in quantum mechan- 
ics. The next simple case with timespace rank n = 2, the first nonabelian one, 
involves the real 4-dimensional homogeneous manifold D(2) with internal sta- 
bility group U(2), it shows all the features familiar from relativistic quantum 
field theories. 

The rank n of the causal manifold D(n) shows up in the number of real 
continuous invariants used in its representations. The representations of the 
causal group D(l) are characterized by one continuous invariant (frequency) 
tu, which serves e.g. as unit in energy eigenstates of a quantum mechanical 
dynamics, whereas the representations of GL((C|{^) for the homogeneous time- 
space D(2) involve two continuous invariants which may be tentatively called a 
particle mass mi and an interaction mass m2 - or uii and a dimensionless ratio 

2 

possibly related to the coupling constants used for relativistic interactions. 

A parametrization of timespace manifold Y){n) realizations by vectors of 
complex linear representation spaces leads to the concepts of quantum me- 
chanical operators for n = 1 and relativistic quantum fields for n = 2. In the 
latter case, the representation of the rank 2 operations in D(2) - not only rank 
1 (time translations) as done in conventional particle oriented linear quantum 
fields - gives rise to a framework where product representations are defin- 
able without the light cone supported divergencies found for interacting linear 
quantum fields. 



1 'Canonical' Quantization 

Quantum mechanics as a theory for time dependent operators was very success- 
full. The quantization involved, called 'canonical', was simply taken over - in 
a Lorentz compatible extension - for timespace dependent operators (quantum 
fields). 



1.1 Quantum Structure in Mechanics 

Heisenberg's noncommutativity condition [iP, X] = 1 (in units with ^ = 1) for 
position-momentum operator pairs (X, P) is the trivial time t = element of 
time represent ations^ [iP,X]{t) by a quantum mechanical dynamics, e.g. in 
the - not only historically relevant - simplest example of the harmonic oscillator 
with Hamiltonian H = + involving a mass M and a spring constant 
K or a frequency = and an intrinsic length £^ = 

j-.X(t) = meP{t) \ r-o . 

lplt) = -^x\t) ] ^ bP,X]{t) = cos mt (1) 

The eigenvectors of the time translations can be built by products of the cre- 
ation-annihilation pair (u, u*) 

^=^^-75^^!^ i{n*nny{t)=z{l-k)m{n*nny{t) 

= j^X + -j^iP J with fc, / e IN ^ > 

■^The linear dependence is used in the notation [a(y), b{x)\ = [a, b\(x — y) etc. 



The harmonic oscillator as U(l)-time representation uses a point measure 
for the frequencies as the linear forms on the time translations 



U(l) 9 [u*,u](t) =e™* 

= / dfx5{n - m)e*''* (3) 

ITT J " ^^ — jYtp 2in •! /I— m 

Here mp denotes the principal value integration and / the mathematically 
positive circle around all poles in the complex frequency plane /x G IR C (D. 

The selfdual time representation^ in SO (2) by position and momentum 
reads 

Ql^/rjN ^ /[iP,X] [X,X] / cosmt i£^sinm,t\ 

SUI^/j ^ \^ [P,P] [x,-iP])v^) ~ \j2-smmt cosmt J 



ITT 



(4) 



In general, a dynamics is not linear, i.e. the Hamiltonian is not quadratic 
in the fundamental operator pairs (X, P), e.g. for the hydrogen atom with the 
Hamiltonian H = ^ — In those 'truly interacting' cases, the operators for 
the energy eigenstates may be complicated combinations of positions X and 
momenta P. 



1.2 Distributive Quantization of Particle Fields 

The relativistic embedding of the SO (2) time representations leads to two 
different results: Since the energy is embedded in a Lorentz energy-momentum 
vector n ^ (g'^)|^o, one obtains both 'scalar and vector cosinus and sinus' 




which both fulfill a homogeneous Klein-Gordon equation 




The embedding with an ordered Dirac energy-momentum measure at = 
m? for the translation eigenvectors e**^^ 

(iai) =/(i?.%^-->(^o)(::)e-= (7) 

defines the causally supported quantization distributions 
= for spacelike < (8) 

^The SO(2)-matrices ( cosmt e smmt\ ^j^j^ a G (C are equivalent to the familiar SO(2)- 
^ ' V ~^ smmi cos mi J ^ ' 

matrices with a = 0. 



The embedding with a 'not ordered' measure 

defines the Fock state functions which have also nontrivial spacehke contribu- 
tions. 

To illustrate quantum fields with linear equations of motion and particle 
interpretation, following the harmonic oscillator linear quantum structures, a 
free Dirac field ^ for particles with mass m 7^ 0, e.g. the electron, yields a 
good example 

(i| + m)u(t) = ^ {i^kd'' + m)*(x) = 0, (10) 

Weyl fields arise for m = with a left or right handed Weyl representation 
i^^7fc — Pk = (l)O^) and ^-^7fc — Pk = (I7 resp. replacing the Dirac 
representation. 

The Feynman propagator is the Fock value (...) of the sum of the causally 
ordered quantization anticommutator and the commutator 

(CM)(x) =^/(0^?^e- _ 

= (-e(xo){*,*}(x) + [*,*](x)) 

The Fock form function with its spacelike contributions 

([^, ^])(a;) = Exp(zm|a;) = C(m|x) + z7fcS'^(m|a;) 

= / (£Fe("^)(7fcg' + m)6{q^ - m^)e'-i ^^^^ 

will be discussed later (subsection 5.3). The distribution for the quantization 
anticommutator 

{^, ^}(x) = exp(im|x) = 7fcc'^(m|x) + is{m\x) 

= / (g3e(go)(7fc9' + ^Mq' - m^)e^^i (13) 

_ 4^0) f d*q 7kg''+m ixq 
in J (27r)3 q2-m'-'p ^ 

is the interaction relevant structure, which causes the 'divergencies' in rela- 
tivistic field theories (not the particle relevant Fock value of the commutator). 
The distinction between exp(im|x) and EXP(im|x) is characteristic for the 
relativistic case with its causal partial order. 

The quantization distribution is given explicitely in timespace coordinates 



2 



[5'(^) - 5(^) + |^(x2)^2(m2x2)] 



s(m|x) =ff me(xo) [5(^) - ?9(a;^)fi(mV)] 

with c'=(0|x) = ^(B))£!5'(x2). These distributions involve the functions in 
general for n = 0, 1, . . . with = •d{x?'^vp?x^ ('eigentime' r), Bessel coefficients 
J„ [ff^ and the beta-function B 



^n+i(r2) = -(^ + l)^, ^n(0) = l 



The vectorial distribution for time xo — describes the quantization of 
hnear fields 

exp(im|x)|^o=o = 7ikc'=(m|f) = ^oS^(x), Jd^x{-^, ^}(x%^=o = 70 (16) 

The fact, that the linear quantization gives no functions, e.g. that exp(im|0) 
does not make sense or that two quantizations cannot be simply multiplied for 
a product representation of the translations, e.g. exp(im|x)exp(OTi|a;) arising 
in a perturbative approach (vacuum polarization in quantum electrodynam- 
ics), illustrates the familiar divergence problem for linear fields which has to 
be treated by sophisticated techniques. It hints to the inappropriateness of 
particle fields for more than a perturbative formulation of interactions, e.g. 
their inappropriateness to parametrize a bound state problem. 

Using a decomposition of all translations into time and space translations, 
e.g. given in a massive particle rest system, the time ordered integral of the 
spacelike trivial quantization distributions gives - after interchanging time and 
energy integration - the space dependent interaction functions, e.g. the Yukawa 
interaction and force 

y dxoe{xo)s{m\x) ^ md{m,\x\) ^ m J =4^6—1-1 
y dxoe{xoh,c\m\x) ^ ^ad'^d{m,\x\) ^ M|le— 

(17) 

The singularities at x = reflect the divergency problems of linear fields, if 
they are used to parametrize interactions. 

Interchanging space and momenta integrations, the space integrals of the 
quantization distributions lead to the time development of the harmonic oscil- 
lator 

/ d^x 7jtc'^(m|x) = 7ocosmxo, / d^x s{m\x) — sinmxo (18) 

The distributive quantization of relativistic fields identifies the eigenvalue 
of the harmonic oscillator time translation dependence, given by the frequency 
mo, with the characteristic mass for the Yukawa interaction space dependence, 
given by the inverse range rrir 

+ ml)cosmot = 0, {-^ + ml)d{mr,\x\) = 6{x) (19) 

in the Lorentz compatible timespace translation dependence 

with mQ — rrir: (9^ + m^)c^{m\x) — (20) 



2 Causal Timespaces 

Observable in mechanics depend on time coordinates, relativistic fields depend 
on timespace coordinates. In this section, timespaces are reformulated in a 
general symmetry oriented algebraic framework starting from complex linear 
operations. 



2.1 Causal Complex Algebras 

Cartan's representation of the timespace translations (real 4-dimensional Min- 
kowski vector space) uses hermitian complex 2 x 2-matrices from the associative 
unital algebra of all complex 2 x 2-matrices. Together with the time transla- 
tions (real numbers) of mechanics, they are given as follows 

Those famihar cases should be used as illustrations for the general case working 
with complex n x n matrices for n > 1. 

The matrices z G (S{n) with the usual hermitian conjugation -k are an 
involutive algebra, decomposable into two isomorphic real vector spaces of 
dimension 



(D(n) = lR(n) ©i]R(n) ^ R^"', z = x + iy , . 

]R(n) ={xe (E(n) \ x = x''} = H""' ^ ^ 

The symmetric vector subspace will be called the matrix representation Il(n) 
of the timespace translations with n the rank of timespace. 
A basis for (D(n) is given by 

{p{nyMny}]lt with {p{ny}]j-,] = {iM, ^it^i ^23) 

z = Zjp{ny, zi = Zj[p{ny]i, A,A = l,...,n 

using the unit matrix l(n) and (n^ — 1) generalized hermitian traceless Pauli 
matrices a{ny for n > 2, i.e. three Pauli matrices a for n = 2, eight Gell-Mann 
matrices cr ( 3) " = A" for n = 3 etc. 

a{ny = a{ny*, tra(n)" = 

[ia{ny,ia{ny] = a"'''Ha{nY, totally antisymmetric a"'"^ e IR 

{a{nY,a{nf] = 25"^l(n) + S^'^^a^nf, totally symmetric 5"^" e R 

(24) 

The determinant defines the abelian projection of (C(n) to the complex 
numbers (E(l) = R © iR, compatible with the unital multiplication and the 
conjugation (a T*r-monoid morphism) 

{det z o z' = det z det z' 
detl(n) = l (25) 
det z* — det z 

By polarization, i.e. by combining appropriately {zi±Z2±. . .±2„)", one obtains 
a totally symmetric multilinear form, familiar for the Minkowski translations 
R(2) as Lorentz bilinear form with indefinite signature 

77 : (E(n) X • • • X (D(n) — > (D 

{zi, ...,z,,)^ ri{zi, . . . , Zn) = e^'-'^"e^i...i„(^i)i " " " i^n)i: 
n = 1 : ri{z) = det z = z 

n = 2: r]{zi, Z2) = {zi + Z2y - {zi - Z2y , sign?]] r(2) = (1, 3) 

(26) 



The trace part and the traceless part of a translation will be called a time 
translation in IT = H and a space translation in = ~^ 

X = Xjp{ny = + Xa^^ (27) 

However, a decomposition into time and space translations is incompatible 
with the determinant since for n > 2 in general det {x + y) ^ det x + det y. 



The involutive algebra (£{n) is a C*-algebra 0, |T3[with the norm 



z 



|2_ 



{z\z) induced by the scalar product 

z,z'e(£{n) {z\z') = ti z' o z* (28) 

Any C*-algebra is (partially) ordered via the spectrum 

X yO <^=^ X = X* and specx C R+ = {a G R | a > 0} (29) 

Therewith, (S{n) will be called a causal complex algebra. 

All timespace translations can be diagonalized with a real spectrum 

a; G R(ra) spec x = | det (x - ^l(n)) = 0} C R 

n = l: x G R(l), speca; = {r} (30) 
n = 2: xGR(2), specx = {^^} 

The n real spectral values {^r}r=i ^ timespace translation x G R(n) will be 
called its Cartan coordinates. 

A linear transformation z G (C(n) is diagonalizable z = uo diag(2;) o if, 
and only if, it is normal z o z* = z* o z. The diagonalization transformation is 
unitary u^^ = u*. Therewith x G R(n) and I G ilR{n) are diagonalizable, but 
not any z G (D(n). 

The C*-algebra order generalizes the familiar order of the 1- and 4-dimen- 
sional translations. With one nontrivial positive causal vector c, positivity is 
expressable by positive c-projected products (n causal projections) 

c,x e R(n), cy 

x yO <^==^ x^ = ri{x, . . . , X, c, . . . , c) > for r = 1, . . . , n (31) 



The characteristic functions for the causal translations use the spectral 
values 



X G R(n), x" = detx = J^^r, C,r ^ spec 



X 



r=l 



79(x) =f[^{^,) = f[^{x:), cyO ^^^^ 

r=l r=l 

e(x) = 'i9(x) — {}{—x) 

with the familiar example for Minkowski timespace with a time component 

?7(x,c) = xo 

J 7?(x) = ?9(xo + |x|)7?(xo - |x|) = ?9(xo)i?(x2) 
^~ 1 e(x) = e(xo)^9(x2) ^^^^ 



The vector space of all timespace translations ]R(n) is the union of the 
positive and the negative causal cone and the spacelike submanifold 

R(n) = ]R(n)causal U R(n)space, ]R(")causal H ]R(n)space = {0} 
lR(n)causal = ]R(^)c'"ausal U ]R(n)-,3,i, R(n) + ,3,i nJR(n),-,,,i = {0} (34) 

K.(^)iusai ^{xe lR(n) I spec a; C R+} = -]R(n),^„,^i 

All translations can be written as sum of a positive and a negative causal 
translation 

R(n) = {x+ + x-\x+, -X- e H(n)+^,^i} (35) 

The positive causal cone is the disjoint union 

]R(^)iusai = {0} W Il(n)tl^e W lR(^)i[ght (36) 

of the trivial translation (tip of the cone), the strictly positive timelike trans- 
lations (interior of the cone) where the spectrum does not contain 

R(^)ttme = e R(^)ctusal I ^ SpeC x} (37) 

and the strictly positive lightlike translations (skin of the tipless cone) where 
is a spectral value 

lR(^)i[ght = e H(n)+„,,i \xj^O, e spec x} (38) 

For the 1-dimensional totally ordered translations 1R(1) = R, one has a 
trivial space ]R(l)space = {0}- The nontrivial spacelike manifold for n > 2 is 
the disjoint union of {n — 1) submanifolds R(m, n — m)space with m strictly 
positive and n — m strictly negative Cartan coordinates 

n-l 

n>2: R(n)space \ {0} = [+) R(m, n - m)space (39) 

m=l 

In the 1-dimensional case there is no light R(l)[|'gj^^ = 0. Light is a gen- 
uine nonabelian phenomenon, arising for n > 2. There, the strictly posi- 
tive (negative) lightlike manifold is the disjoint union of (n — 1) submanifolds 
R(m, n — 1 — m)[^gjj^ with exactly m trivial and n — 1 — m strictly positive 
(negative) Cartan coordinates 

n-l 

n>2: R(n)± = l+l R(m, n-l- m)%^, (40) 

m=l 

The proper time ('eigentime') projection is the causal projection of the 
translations to the real numbers R(l) = R 

T : R(n) — > R, t{x) = e{x) 

In general for n > 2, it is not linear t{x + y) ^ t{x) + T{y). 



detxl 



T iOl lb — ± 



2 for n — 2 



(41) 



2.2 Timespace Manifolds 



The complex algebra (C(n) with the commutator as Lie bracket is, on the one 
side as complex n^-dimensional space, the rank n Lie algebra Q of the complex 
Lie group GL((C"') C (D(?2) and, on the other side as real 2n^-dimensional space, 
the rank 2n Lie algebra of the real groupQ GL((E'^). The antisymmetric space 
iR(n) in (E(n) is the rank n Lie algebra of the unitary group U(n) 

(D(n) = log GL((r''), GL((E") = exp (D(n) 
R(n) ©zlR(n) = log GL((E'i^), GL((C'J^) = exp[R(n) © z R(n)] (42) 
i R(n) = logU(n), U(n) = exp i R(n) 



The vector space of the timespace translations R(n) is isomorphic to the 
quotient of the full with respect to the unitary Lie algebra. Its exponent is 
isomorphic to the corresponding homogeneous space, the real n^-dimensional 
manifold with the orbits g\J{n) of the unitary group \J{n) in the full group 
GL((D"r) 



(43) 



R(n) = logGL((E'^)/logU(n), D(n) = exp R(n) = GL((E'^^)/U(n) 

The 'compact in complex manifold' D(n) will be called a timespace manifold, 
it is isomorphic to the strictly positive timelike translations 

D(n) = {d = ee*\ee GL((E"r)} - R(n)+^, (44) 

i.e. the timespace manifold D(n) can be embedded into its tangent space R(n) 
where light and space translations arise as genuine tangent phenomena. 

Timespace D(n) is totally semiordered C (transitive and reflexive) via the 
abelian projection onto the totally ordered group D(l) 

det : D(n) — ^ D(l), d\ — ^ det ci , . 

(ii 2 G T)in) : di ^ d2 <^==^ det di < detd2 



Therewith, D(n) will be also called a causal manifold |]IU[. The set of all 



semiorder induced equivalence classes is isomorphic to the causal group D(l) 
and carries a total order. 

Also the name modulus manifold is justified for D(n) since it parametrizes 
the possible scalar products of the complex space (D" with basis {e^}^^^ where 
the C*-algebra (£{n) is acting on 



D(n) 3d = ee*^ [ ■■■ ■■■ ••• (46) 





The real Lie groupsQfor the timespace manifold involve as factors the causal 
group D(l) (direct factor, denoted by x), the phase group U(l) and the special 

The Lie algebra of the Lie group G is denoted by log G. 
*'(CiR denotes the real 2-dimensional structure R© ilR of the complex numbers (C. 

^U(ln) — U(l) and D(ln) — D(l) denote the scalar phase and causal (dilatation) group in GL((Cp). 
l(n) is the unit of the (r"-automorphism groups. 



groups Sh{(S'^) and SU(n) resp. They will be called 

external group: GL((C'^) = D(l„) x UL(ra) 

internal group: U{n) = U(l„) o SU(n) (47) 

timespace manifold: GL((DR)/U(n) = D(l) x SD(n) 

The 2nd direct factor SD(n) = SL((E'J^)/SU(n) in the manifold will be called 
the Sylvester or boost submanifold. It is trivial only for the abelian case n = 1. 

The unimodular| groups UL(?2) = U(l„) o SL((E'^) (external) and U(n) 
(internal) have with the cyclotomic group I„, = {a G (D | a" = 1} the centers, 
phase correlation groups and adjoint group^ 

centrUL(n) ^ U(l), centrU(n) ^ U(l) 
U(l„) n UL(n) = I„, U(l„) n SU(n) = I„ (48) 
Ad UL(n) ^ SL((C'^)/ 1„, Ad U(n) ^ SU(n)/ 1„ 

As a homogeneous space, a timespace manifold has a nontrivial external 
action (from left on g\J{n) G D(n)) with the causal group and the adjoint 
external group 

external action on D(n) with D(l) x SL((Cr)/I„ (49) 

and a trivial action (from right) with the internal group (therefore the name 
'internal'). 

There is another more familiar chain of causal timespace manifolds, char- 
acterized by the orthogonal real structures 

s = 0: D(l), s>l: D(l) x SO+(l, s)/SO(s) (50) 

with s > space dimensions. This chain meets the GL((E^)/U(n) chain only 
for the two timespace dimensions = 1 + s = 1, 4. Obviously, the orthogonal 
structures involve an invariant bilinear form for all dimensions. 

For n = 2 one has the isomorphy with the orthochronous Lorentz group 
SO^(l,3) and the rotation group SO(3) 

UL(2)/U(1) ^SL((D2r)/I2 ^S0+(1,3) 
U(2)/U(l) ^SU(2)/l2 ^SO(3) (51) 
D(2) = GL((C=^j^)/U(2) ^ D(l) x SO+(l, 3)/SO(3) 

If one visualizes the real 4-dimensional timespace manifold D(2) embedded 
as the strict future cone R(2);^j^g in the Minkowski translations ]R(2), this 
cone has to be foliated^ with the hyperboloids SO'''(l, 3)/SO(3) (hyperbolic 
foliation). The causal group D(l) action on the manifold connects differ- 
ent hyperboloids by 'hyperbolic hopping' whereas the orthochronous group 
SO'*'(l, 1) action on the individual hyperboloids can be described as 'hyper- 
bolic stretching'. The Minkowski translations 1R(2) as tangent structure of the 

^Some authors use 'unimodular' (here defined by | det (/| = 1) for 'special' (here defined by det g = 1). 
^The adjoint group of a group is defined as tiie classes up to the center Ad G = G/ centr G. 
^'^Take the 3-dimensional projection with hyperboloids SO^(l, 2)/SO(2) with the 2-dimensional tangent 
planes. 



timespace manifold D(2) can be visualized with a 3-dimensional tangent plane 
of a timelike hypcrboloid SO'''(l, 3)/SO(3) and the tangent line of 'blowing 
up' or 'shrinking' this hyperboloid with D(l). The causal order is the 'foliation 
order' of the positive timelike hyperboloids. 



2.3 The Rank of Timespace 

A timespace translation is diagonalizable with a unitary matrix 

X — X* E ]R(n) : x — u{x) o diag(a;) o u{xy (52) 

The relativistic case n — 2 uses in addition to two Cartan coordinates two 
polar coordinates (</?, ^) from the unit sphere SO(3)/SO(2) 



n 



2 • 2 ( xi+ix2 xo -xs) ~ '"(^) ( "=o-|g| ^'"(^)* 

U[X) — ( ■ e e I iOT X — \X\ \ smvJsm 

V ^ Ve"^sinf cosf y III ^^f. 



(53) 



Timespace translations and timespace manifold are isomorphic as real man- 
ifolds 

exp : R(n) — > ^{n), x i — > , . 

log : D(n) — > R(n), d^logd ^ ^ 

using the exponentation and logarithm of the diagonal matrices 

X = u{x) o dia.g{x) o u{xy =^ — u{x) o e'^^^^^^^ o u{xy , . 

d — u{d) o dia,g{d) o u{d)* log d — u{d) o log dia,g{d) o u{dy ^ ' 

e.g. for n = 2 

n = 2:e^^^ = (1(2) cosh M + M si^h M; 



= 62 



£2. ( cosh ^ + cos 6 sinh e sin d sinh 



M ™„v, M _ COS 6» sinh Jil j (^^) 



e"'' sin 9 sinh -iy- cosh — cos 6 sinh 

^u{x)[^ I ^^y{xf 

For n = 1, one has an isomorphy for the abelian groups D(l) = = R. 

In the general case, the diagonal matrix for a timespace point contains the 
n strictly positive spectral values 

(gSl Q \ 

.°. ;:; ° I ^o = Ee. (57) 
. . . e^" / ^-=1 

which realize n times the abelian causal group D(l). In a nontrivial boost 

submanifold SD(n), the group D(l) comes in the self dual decomposable re- 
presentation ('Prokrustes representation'), isomorphic to the orthochronous 
group SO+(l, 1) 

D(l)^SO+(l,l)9d(0= f"tf "tl) = f'" "0 

^ ' \ 1 ) VS/ \^ sinh I cosh I y \ e"2 y (^^\ 

(-^ + mi) = 



The unitary diagonalization transformation is determined up to the diago- 
nal phases 

M(ci),M(x) G SU(r2)/U(l)"-^ (59) 

Therewith, timespace is isomorphic - as manifold - to a product of non- 
compact causal groups (Cartan subgroup) and a compact manifold 



GL((C"R)/U(r2) = D(n) ^ D(l)" x SU(n)/U(l)"-i 
SL((D'J^)/SU(n) = SD(n) = D(l)"-i x SU(n)/U(l)"-^ 



(60) 



and for the timespace translations 

logGL((E'J^)/logU(n) ^ R(n) = x SU(n)/U(l)"-i (61) 

The abelian group D(l)" and its Lie algebra R" constitute the Cartan skeleton 
of the timespace manifold D(n) and the timespace translations R(n) resp. 

The rank n and n — 1 of the homogeneous manifold D(n) and SD(n) 
resp. has to be seen in analogy to the rank of a Lie algebra or its Lie group, e.g. 
rank n and n — 1 for U(n) and SU(?t,) resp. with the manifold factorizations 

U(n) = U(l)" X SU(n)/U(l)"-i 
SU(n) ^ U(l)"-i X SU(n)/U(l)"-i ^ ' 



2.4 Tangent Structure and Poincare Group 

A timespace D(n) and R(?t,) analysis is interpreted and performed with the 
linear forms (dual space|^) R(n)^ of the timespace translations containing 
the weights (collection of eigenvalues). The linear forms will be called the 
frequency (energy) space for n = 1 and the energy-momenta space for n > 2. 
In the representation by the matrix algebra Q^(n) the 'double trace with one 
open slot' describes an isomorphism between translations and energy-momenta 

R(n) — > R(n)^, q\ — ^g=trgo... 

dual product: R(n)"^ x R(?2) — > R, (g, x) = trgox 

With generalized Pauli matrices one has as dual bases 

R(n)-translations basis: {p(n)^}^lo' = ^}t=~i^ 
R(r;,)'^-energy-momenta basis: {p{n) j}'^^^^ = {l(n), cr(n)°}^=[^ (64) 
dual bases: ti pinY o p{n)k = S], 



V'^ denotes the dual vector space (linear forms) for a vector space V with the bilinear dual product 

y'T X y — > (c, {uj, v) = uj{v). 



The Cartan coordinates {^r-}r=i ^he translations have their correspon- 
dence in Cartan masses {fir}r=i for the energy-momenta, positive for positive 
energy-momenta 




... Hn' ^ ^ 

> all /ir > 



The external group GL(Q]'J^) action on the causal manifold Y){n) induces 
a faithful action of the adjoint external group AdGL(Q^'^) = SL((C'J^)/I„ on 
the tangent structures. This defines the Poincare group as semidirect product 
(symbol x^) of the adjoint external group and the additive vector space groups 

{Ad^s : lR(n) — > lR(n), Ad^s(x) = s o x o s* 
Ad J : mlnf — > R(n)^, Ad J(g) = s o g o s* 
with s = s~^* 

POIN(n) = SL((E'i^)/E„ x, ]R(n) 

(66) 

In contrast to the direct product structure D(l) x SD(n) of the causal 
manifold, a decomposition of the timespace translations into time translations 
T and space translations ${n — l) or of the dual space into energy and momenta 
is incompatible with the action of SL((C")/ E„ for n > 2, it is only compatible 
with the action of the adjoint compact subgroup SU(n)/E„. 

Two remarks are in order: In general, the adjoint action of a Lie group G 
on its Lie algebra logG can be characterized by I i — > Ad g{l) = glg~^ leading 
to the semidirect product AdG x^ T{G). The abelian normal subgroup T{G) 
is the vector space structure of the Lie algebra logG = T{G), i.e. a nonabelian 
Lie bracket has to be 'forgotten' [Q] for the translations T{G). 

In the case of a group with conjugation *, the involution g i — > g = g^^* 
is a group automorphism with the *-unitary group U{G, *) = {u & G \ u* = 
u~^} as invariants. Correspondingly, the Lie algebra logG of a complex finite 
dimensional Lie group with conjugation * is the direct sum of the isomorphic 
antisymmetric and symmetric real vector spaces log G± with = ±l± . log 
is the real Lie algebra of the unitary group U{G, *). In order to be compatible 
with the conjugation g i — > g* and I i — > I*, the adjoint action has to be 
modified to / i — > Ad ^:g{l) = gig*. For the *-unitary subg U{G,*), one has 
Adu = Ad^:U. Both subspaces logG± remain stable. The emerging semidirect 
adjoint group is Ad^:GXs\ogG-^- with the additive group structure of the vector 
space logG'+ = \ogG/\ogU{G,*). For all adjoint actions, the abelian center 
of the group is represented in the semidirect product via the additive structure 
of the translation factor. 

For time alone, n = 1, the Poincare group is the additive structure of the 
time translations 

POIN(l) = IR(1) = logD(l) (67) 



In the familiar relativistic case, n = 2, with 



POIN(2) = SO+(l,3)x,]R(2) 

]R(2) = logD(l)©logSO+(l,3)/logSO(3) ^ ' 

the Minkowski time-, hght- and spacehke translations are isomorphic to homo- 
geneous manifolds with characteristic fixgroups ('little' groups) for the trans- 
lations 

lR(2)t^, = D(l) X SO+(l, 3)/SO(3) - GL{(£l)/V{2) 

lR(2)j[gi,, = SO+(l,3)/SO(2) X, IR^ ^ SL((C2i,)/U(l) x,(Er 

Il(2),p,,e \ {0} -D(l)xSO+(l,3)/SO+(l,2) - GL((E2r)/U(1, 1) 

(69) 

The semidirect product SO(2) x^ fixgroup of the lightlike translations is 
the Euchdean groupQ 

For the case n > 2, the disjoint decompositions of the spacelike and timelike 
manifolds into {n — 1) submanifods (subsection 2.1) reflect different unitary 
fixgroups 

r lR(m, n - m),pacc = GL((C"R)/U(m, n - m) 
n>2: I lR(m,n- 1 -m) flight = SL((C'^)/U(m, n - 1 - m) x, (CJ^"^ 
[_ m = 1, . . . , n — 1 

(70) 

The fixgroup U(n) for the action of the external group SL(Q^'^)/ E„ on the 
strictly positive translations R(n)^^g should not be confused with the internal 
group U(n) which acts trivially (from right) on timespace GL(ff!'J^)/U(n). 
A group G acting from left on the subgroup classes gll G G/U has an f/- 
isomorphic fixgroup for any point gll. 



3 Representations for Timespace 

The solution or an experimentally oriented formulation of a timespace dynam- 
ics requires an analysis, e.g. of a symmetry invariant, with respect to the oper- 
ations used in the definition of a timespace manifold Y){n) = GL(Q]^)/U(n). 
Starting from a purely algebraic framework, one can even say that an analy- 
sis with respect to time or timespace representations introduces the time or 
the timespace dependence of quantum mechanical operators |TH] or relativistic 
fields. 

For a solution of a dynamics, the involved nondecomposable representa- 
tions of the external-internal real Lie group 

GL((E'^) X U(n) (71) 

have to be determined. The eigenvalue and eigenvector problems to be solved 
in a quantum structure is classically expressed by equations of motion. The 



^"^For the Poincare group SO+(l,s) Xs 11^+" with s > 1 space dimensions the corresponding fixgroups 
are SO(s) (timelike) , SO(s- 1) Xs IR'~-^ (lightlike) and SO+(l, s- 1) (spacelike). The lightlike translations 
fixgroup for s = 1 is trivial {!}. 



eigenvalues (weights) for the action of a real Lie group are linear forms of the 
Cartan subalgebra and, therefore, have to be real. All weights (collection of 
eigenvalues) form a subgroup, discrete or continuous, in the additive group of 
the linear forms on the Lie algebra of the external-internal group. 

The theorem that two diagonalizable finite dimensional endomorphisms 
/, g are simultaneously diagonalizable, i.e. have a common eigenvector basis, 
if, and only if, they commute with each other [/,(?] = 0, is the mathematical 
formalization of a central quantum operational structure. However, operators 
cannot be identified with states, mathematically: In general, endomorphisms / 
of a complex finite dimensional space allow only a Jordan triangularisation, i.e. 
no eigenvector basis. In general, the nondecomposable representation spaces of 
the external-internal group can be spanned by principal vectors. Irreducible 
representations are a special case, their vector spaces can be spanned even by 
eigenvectors (diagonalization in the semisimple case). 

For n = 1 with time as the causal group D(l), one has a dynamics for mass 
points (mechanics) where a Hamiltonian H representing - or defining - the time 
translations 1R(1) as generator of the causal group is analyzed with respect 
to the involved representations of time D(l), illustrated by the equation of 
motion ^ = [iH, a] for a quantum operator a, e.g. position X or momentum 
P. E.g. the Hamiltonian for the A^-dimensional isotropic harmonic oscillator 
H = as SU(A^)-invariant or the hydrogen Hamiltonian H = ^ — 

as an invariant of the group ^ SO (4) (elliptic bound states) or 

SL((C^)/E2 — SO^(l,3) (hyperbolic scattering states), both subsymmetries 
of SU(2,2)/E2 — SO(2,4). The time dependence of quantum operators can 
be introduced (defined), e.g. by a{t) = e*^*ae~*^* 

For relativistic fields, n = 2, with the homogeneous timespace D(2) = 
GL(Q^^)/U(2) and the tangent Minkowski translations 1R(2), a dynamics an- 
alyzes an interaction with respect to the external-internal group, e.g. the 
analysis of invariant gauge vertices like ^7fcA'^^ with fermion and gauge de- 
grees of freedom ^ and A resp. in the standard model of elementary parti- 
cles. Involving both noncompact and nonabelian structures, this much more 
complicated analysis works with representations of the external noncompact 
causality D(l) and Lorentz SL((r|j^) properties as well as internal compact hy- 
percharge U(l) and isospin SU(2) properties, as expressed by field equations, 
e.g. 7A:g = tni^) = t^kA'^. 

3.1 Representations of the Causal Group 

Any dynamics requires a causal analysis with respect to the group D(l) = 
{e" I r G IR}. 

All D(l) representations 0, |18[ can be built from nondecomposable repre- 
sentations. The finite dimensional, nondecomposable, unitary complex repre- 
sentations I — > {N\m){T) of the real Lie group D(l) are characterized by 
positive integers G IN for the dimension 1 + A^ of the representation space 
and a real number m - a frequency (energy) for time and a mass for timespace 
- from the dual group, the linear frequency (mass) space logD(l)^ = IR. They 



involve a power 1 + nilpotent part A^r (nil-Hamiltonian |18]), nontrivial for 



(N = 0,1,2,... 

D(l) 3 I — ^ {N\m){T) = e'^^^e'""^ with { (An)^ 7^ 0, A^ ^ 

[ (A;v)^+^ = (^2^ 
(A^|m)(r) = e^^d^e^"*^, tr (A^|m)(r) = (1 + A^)e™^ 

The following explicit examples with nilcyclic matrices A^r illustrate the ab- 
stract structure 

(0|m)(r) =6'""^ 

(l|m)(r) =(J 'f)e^'""=(J ^^)e^'"" 

(2|m)(r) =01 iAr e*'""= 1 e*™" 
\o 1 / \o 1 / 



Ao = 0, Ai = a(; A, = a(o 1) 



To take care of the real structure of the causal group D(l), a complex 
D(l)-representation has to be a 1-dimensional subgroup of a unitary group. 
Therewith the constant m has to be real in nondecomposable representations. 
The D(l)-images for the 1-dimensional representations (0|m) for m 7^ (har- 
monic oscillator) are isomorphic to U(l). The representations (l|m) (e.g. a 
free mass point for m = 0) have real 1-dimensional faithful images in the 
indefinite unitary group U(l, 1), (2|m) in U(2, 1), (3|m) in U(2, 2) etc. 

r A^+ + A^_ = 1 + A^ 
(Ar|m) inU(Ar+,Ar_) withK. _ / 1, A^ = 0, 2, . . . (74) 

r+-^--l0, Ar=l,3,... 



In addition to the discrete dimension 1 -|- A^, the nondecomposable causal 
representations involve two continuous constants, m and A: Only the frequency 
(mass) m is an invariant of the causal group D(l). It is the causal unit of the 
representation. The matrix form of the nilpotent A^r and the real constant^ 
A 7^ are determined up to equivalence gA^g'^. 

Representations with opposite frequency (mass) (A^| ±m) are dual to each 
other and nonequivalent for > 0. The self dual, m^-dependent formulation 
contains two dual representations, e.g. in SO (2) for A^ = 

(0H(r)©(0|-m)(r) = (0|M(r) = (^7 J^r) = {,ZZr t™) 

(75) 



/ 1 \ / e" 

1 with Ai = A( g g j the constant A is transformed with 9 ~ { q --a 1 t° ^ ' — * e'^^A. 



A similar structure |lj, |19| is used for the 'gauge fixing constant' in quantum gauge theories. The gauge fixing 
constant has to be nontrivial - its value is physically irrelevant. The gauge structure in the BRS formulation 
is nilpotent. 



Only the positive unitary 1-dimensional representations (0|m) are irre- 
ducible, they are unfaithful - the U(l)-represented time is periodic. The in- 
definite unitary faithful representations {N\m) for > 1 are reducible, but 
nondecomposable. The lowest dimensional faithful D(l) representations (l|m) 
will be called fundamental. 

The pairs (Nlm) with a positive integer (dimension) and a real number 
(causal unit) form the abelian representation monoid of the causal group for 
all equivalence classes of nondecomposable causal representations 

monD(l)= {(A^lm) |iV = 0,l,..., m e H} = IN x M 

(A^ilmi) + (A^alms) = {Ni + N2\mi + ma) (76) 
neutral element: (0|0) 

The weight group of D(l) is the regular subgroup of the representation monoid, 
it characterizes the irreducible representations of the causal group and is the 
dual space logD(l)"^ of the causal translations logD(l) 

grp D(l) = {(0|m) I m e M} = M 
mon D(l) D grp D(l) ^ ' 

The U{1) -weights (oriented winding numbers) for the compact quotient 
group U(l) = D(l)/e'^ form a discrete subgroup, the representation group for 
U(l) 

grp U(l) = {{0\Z) \Z e 2L}^ 2L (78) 



3.2 Representations of GL((Dr) 

All irreducible complex representation of the real abelian Lie group GL(Q^r) ~ 
D(l) X U(1) arc 1-dimcnsional and characterized by an integer winding number 
(U(l)-weight) and a complex number 

GL((Cr) 3 5^ e^+'" I — > |(^P'"(|)^ = ^ = e^"^^e^^" 

(m; Z) e (E X Z 

Complex representations of real groups have to be unitary. Unitary ir- 
reducible D(l)-representations are necessarily positive unitary. All unitary 
irreducible representations have a real causal unit m (D(l)-weight) 

grp GL((Dr) = grp D(l) x grp U(l) = {(m; Z)} = IR x S (80) 

As seen in the former subsection, the group of the GL{(£-[i) -weights is the 
regular group of the GLj{(S n) -representation monoid for all equivalence classes 
of the unitary nondecomposable representations 

mon GL((Cr) = mon D(l) x grp U(l) = {{N\m; Z)} 

= IN X IR X Z (81) 
mon GL((Er) D grp GL((Er) 



(79) 



3.3 Finite Dimensional Representations of SL((D'^) 

All complex representations of the compact real (n^ — l)-dimensional Lie group 
SU(n), n > 2, are decomposable into irreducible ones which have finite dimen- 
sions. The irreducible SU(n)-representations are characterized - according to 
rank (n — 1) and Cartan subgroup U(l)"~^ - by (n — 1) positive integers with 
the additive S\J{n) -representation monoid ioi the equivalence classes 

mon SU(n) = {[2Ji, . . . , 2J„_i] | 2Jk = 0, 1, . . .} = IN""^ (82) 

The positive integers refiect the IN-linear combination of the (n — 1) fun- 
damental representations [1, 0, ... , 0], [0, . . . , 0, 1], e.g. the Pauli spinor 
representation [1] for SU(2) or the quark and antiquark representations [1, 0] 
and [0, 1] for SU(3). The adjoint representation [1,0,..., 0, 1] is faithful only 
for the adjoint group SU(n)/I„, e.g. the adjoint SU(2)-representation [2] for 
SO(3) or the SU(3)-octet representation [1,1] for SU(3)/l3. 

The SU(n)-representation monoid is the positive cone (dominant weights) 
in all S\J{n) -weights which constitute a discrete subgroup in the linear forms 
log SU(?T,)^ of the Lie algebra 

grp SU(n) = {[2ji, . . . , 2j„_i] | 2jk G 

= grp U(l)"-i = (83) 
mon SU(r;,) C grp SU(?7,) 

The integers {2jr}"=i can be related to the winding numbers of the Cartan 
U(l)'s involved. Since SU(?t,) are simple groups, they come in selfdual SO(2) 
representations. Especially for SU(2) the halfintegers {J,j) G ^ ^ "f called 
spin and its 3rd component. 

The defining representation with a complex n-dimensional representation 
space can be written with the generalized Pauli (subsection 2.1) matrices 

[l,0,...,0](a)^e°'^'^ (84) 

where the Cartan subgroup U(l)"~^ is represented with the {n — 1) diagonal 
matrices 

n 2 

U(l)"-i = {exp I G IR} (85) 

k=2 

Taking together the diagonals of the {n — 1) matrices {|c"(?^)'^^~^}fc=2) '^^^ 
obtains the n weights {wr}r=i of the defining SU(n)-representations in the 
real [n — l)-dimensional weight space. In the normalization^ with the Pauli 
matrices, the defining weights occupy the corners of a regular fundamental 

The integer winding number normalization arises with the basis {W {2) '^("'^''^ ~^K=2- 



simplex, centered at the origin, as expressed by the [{n — 1) x n]-matrix 
weights [1, 0, . . . , 0] = simplex (n) 



W4 
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(86) 



All complex finite dimensional irreducible representations of the simple Lie 
group SL((Dp), n > 2, arc characterized - according to the Cartan subgroup 
GL((Er)"^^ - by 2(n — 1) positive integers, interpretable as (n — 1) 'left' and 
{n — 1) 'right' winding numbers 

xmonfinSL((C'^,) = {[2Li, . . . , 2L„_i|2i?„_i, . . . , 2i?i] | 2Lfc, 27?^ e IN} 
= mon SU(n) x mon SU(n) = IN""^ x IN""^ 

(87) 

reflecting the IN-linear combinations from 2{n — 1) fundamental representa- 
tions (one 1, elsewhere 0). Also the weight group is the 'square' of the weight 
group for the unitary subgroup 

xgrpfi„SL((E^) = {[2h, 2/„_i|2r„_i, . . . , 2n] \ 2k, 2rk G 7L) 

= grp SU(n) X grp SU(n) = Z""^ x Z""^ (88) 
xmonfi„SL((C'^,) C xgrpfi,SL((C'^,) 

The finite dimensional irreducible SL((E^)-representations are not necessarily 
unitary. However, the monoid and the group allow a conjugation 



[2Li, . . . , 2L„_i|2i?„_i, . . . , 2Ri\ 
[2/i,...,2Z„_i|2r„_i,...,2ri] 



[2Ri, . . . , 2Rn-i\2Ln-i, . . . , 2Li] 
[2ri,...,2r„_i|2/„_i,...,2Zi] 



(89) 



The equivalence classes with repect to this conjugation characterize the equiva- 
lence classes of the finite dimensional irreducible representations of the complex 
group SL((E"). 

The conjugated pair of the two defining finite dimensional SL((E^)-rcprc- 
sentations uses the Pauli matrices, e.g. for n — 2 the left and right handed 
Weyl representation [IjO] and [Ojl] 



[1, 0, . . . , 0|0, . . . , 0, 0](a;, a) ^ e(^<'+^"<') 2 
[0, 0, ... , OjO, . . . , 0, l](x, a) ^ e(-^«+*"«) 



(90) 



These representations are not unitary, they are equivalent for the complex 
group SL((E"). 



Only the self conjugated irreducible representations are also unitary (in- 
definite unitary). They define the representation monoid and weight group for 
the adjoint group SL((C'J^)/I„ 

mon SL((E"r)/I„ = {[2Ji, . . . , 2 J„_i|2 J„_i, . . . ,2Ji] | 2 J, G IN} 

= lN"-i (91) 
grpSL((D"R)/I„ = 

with the {n — 1) fundamental representations [1, 0, . . . , 0|0, . . . , 0, 1] etc. The 
conjugation compatible analogue to the real (n^ — l)-dimensional adjoint re- 
presentation for SU(n) is the irreducible unitary representation of SL((E'^) 
on a real n^-dimensional space, e.g. on the timespace translations lR(n) = 
logGL((D'^^)/logU(n), faithful for SL((C'J^)/ 1„, i.e. for the Lorentz group 
SO^(l, 3) in the case n = 2 

x-adjoint representation: [1, 0, ... , 0|0, . . . , 0, 1] , . 

n = 2: [1|1] > 

The n^-dimensional indefinite unitary irreducible SL(Q]'jij^)-representation is 
called the defining representation of the adjoint group SL((C'^)/E„, e.g. the 
Minkowski representation of SO^(l,3) on 1R(2). 

Any representation of SL((E'J^) is a representation for SU(n) - in general 
decomposable - and gives - by the quotient of the represented groups - a re- 
alization of the Sylvester manifold SD(n) = SL((C'^)/SU(n), e.g. for n = 2 
with the Pauli matrices a and the Lorentz boost matrices B 

[l|0](x) = ef, [0|l](a;) 

[l|l](a;) = e-^^, xB I ^ o o \ I93j 




3.4 Irreducible Representations of SL((D'J^) 

As shown by Gel'fand and Naimark [l^, |, 0, all irreducible SL(Q]'^)-represen- 
tations can be characterized by the irreducible representations of the Cartan 
subgroup GL((Er)"-^ 

To illustrate the case n = 2: The representation spaces of 

SLi(Ll,) = {\ = e(-^+-)f = {; J) I det A = 1} (94) 

are subspaces of the complex vector space = {/ : (E^ — with the com- 
plex valued mappings on the vector space (C^. The SL((D^)-action is induced 



by the defining representation on (E^ 



(E — > (£ 

icfa 



k/, \f{zuZ2) = /(A U (^1,^2)) 



(95) 



A'oa/ =A' (a/) 



The irreducible SL((C|{^)-representations use the irreducible representations 
of its Cartan subgroup GL((rR) on the subspace of the mappings which are 
(i/i 1 1/2) -homogeneous with repect to a 'relative' GL((Er) for the two compo- 
nents Zi^2 



= {/ e I fiSzi, 5z2) = (5^7(^1, Z2) for 5 e (C) 
'^^ = m±z^ z/2 = ^ (96) 
; Z) = (-i(i/i + U2y,ui-U2) e(Lx 2L 



with 



m; 



Those functions involve an integer winding number ±Z (spin ^) for the 'rel- 
ative' phase group U(l) C SU(2) and a complex number m for the 'relative' 
causal group D(l) C SD(2) = SL((C2r)/SU(2). Since the (i/i|i/2) -homoge- 
neous mappings have the orbit properties 



/(^i,^2)=4^^'^V(t,l) (97) 
the group SL((D^) acts on the corresponding vector space 

F(C) = /(C, 1) e 05^ = {F : (E ^ (E} (98) 
in the following form 

A I — .dK^)(A), Fi — > D^"''^\X){F) ^ xF 

xHO -n^m+sri^)^ (99) 



The pairs (m; Z) G (C x !Zi characterize all irreducible complex represen- 
tations of SL((r^), not necessarily unitary The finite dimensional irreducible 
SL((r^)-representations of the former subsection arise with an integer imagi- 
nary 'causal number' m 

{m;Z) eiTLx TL 

xgrpfi,SL((E2j,) ={[2z/i|2z/2] = [2/|2r]} (100) 
= grp SU(2) X grp SU(2) ^TLxTL 



As to be expected from the abehan group GL(Q^r), the unitary principal 
irreducible SL((D^)-representations are characterized by a real causal unit m 
(mass) 

grPprmcSL((E2R) ={{m-Z)} , 

= grp GL((Dr) = R X S ^ > 

which reflects the U(2)-unitary representations (conjugation -k) of the Cartan 
subgroup 

3 3 

e I y a — a fl02) 

(m;Z) G R X S ^ = G U(l)3 C SU(2) ^ ' 



The unitary representations with trivial causal unit m = are the finite 
dimensional self conjugated representations of the former subsection 

(0;2J) = [2J|2J] (103) 

Those massless indefinite unitary irreducible representations with the defining 
4-dimensional Minkowski representation [2J|2J] = 2J[1|1] are used for gauge 
fields in relativistic field theories. 

With repect to the indefinite unitary group U(l, 1) with conjugation x 

diagonal representations of the Cartan subgroup in SU(1, 1) have to be of the 
form 

(m; Z) = {ip; 0) G i R u = e-P''^^ e SU(1, 1) (105) 

leading to the unitary supplementary irreducible SL((Cr) -represent at ions with 
trivial winding numbers and an imaginary causal number ip 

grp,,ppiSL((C2j,) ={(^p;0)} = 2R (106) 



The equivalences classes for the representations in the principal and supple- 
mentary series are given in ^, For the positive unitary representations]^ 
one has to discuss also the scalar products for the representation spaces, espe- 
cially for the supplementary series. 

The generalizations for SL((Er), n > 2, with Cartan subgroup GL((Er)"'~^ 
are given for the principal representations with (n — 1) real causal units and 
{n — 1) integer winding numbers 

grPprincSL((CR) = {(mi, . . . , m„_i; Zi, . . . , Zn-i)} 

= grp GL((Dr)"-i = R"-i X (107) 
(0, . . . , 0; 2Ji, . . . , 2J„_i) = [2Ji, . . . , 2Jn-i\2Jn-i, ■ ■ ■ , 2Ji] 



Already Gel'fand and Naimark call the requirement of positive unitarity for SL((C^)-representations 
'in a certain sense unnatural'. 



The supplementary series has to take into account the diagonal U(l, 1) 
structure 

( ,-™°+.z. ) G U(l, 1) for (m; Z) G z R X TL (108) 

Therewith the supplementary weights are characterized by coinciding winding 
number pairs and conjugated causal numbers (more details in |jl2|, |^) 

(mi, . . . , m„_i; Zi, . . . , Z„_i) G (0"^^ x S"^ 
with entries (m, m; Z, Z) 



4 Energy- Moment a Measures 

As to be expected from their Cartan subgroups GL((Er)'"'~^, n > 2, also the 
groups SL((D'^) have reducible, but nondecomposable representations as first 
discussed by Shelobenko jl^ . 

Therewith, I suspectf^ that the Gli{(£^) -representation monoid with real 
causal units for the equivalence classes of all unitary nondecomposable repre- 
sentations is given by the representation monoid for the Cartan subgroup 



monprincGL((ER) = {(A^i, . . . , A^nl^i, . . . , m„; Zi, . . . , Z„)} 
= mon GL((Dr)" = IN" x R" x 

One has for the weight groups with real causal units Q 

grPprincGL((D'^) = {(mi . . . , m„; Zi, . . . , Z„)} 
= grp GL((Dr)" = R" X 
grp U(n) = {[Zi, . . . , Zn]} 

= grp U(l)" = 7L" 



(110) 



:iii^ 



If such a conjecture is true, one is lead to the suggestion for the harmonic 
analysis of the causal timespace manifolds 

monprincD(ra) = {(A^i, . . . , A^„|mi, . . . , m„)} ^^^2) 
= mon D(l)'^ = IN" X R" ^ ^ 

i.e. the nondecomposable realizations of the homogeneous spaces D(n) would 
be characterized by n natural numbers A^^^ G IN for the dimensions (discrete 
invariants) and n causal units m^ G R (continuous invariants). 

In this chapter, I shall try to concretize those structures following the 
analogies to the abelian case used for the Cartan subgroups. 

^^A mathematically rigorous classification of all nondecomposable unitary representations of GL((C'j^) for 
n > 2 would be appreciated. 

^"^With U{n) = ^(^) ><SU(n) ^ take care of the phase correlations for both unitary factors, e.g. 

relevant for the isospin-hypercharge correlation in the standard model |p]|. 



4.1 Algebra of Causal Measures 



Since representations of the causal group are characterized by a continuous 
real invariant m (mass), it is appropriate to use a Lebesgue measure on the Lie 
algebra linear forms. The causal representations {N\m) are expressible with 
Dirac distributions (point measures) Sm — Sim — /i) and their derivatives, e.g. 

(0|m)(T) 
(l|m)(r) 

(2|m)(r) 
etc. 

A causal measure of the mass space logD(l)-^ = IR for the anlaytic mani- 
fold D(l) is defined by its property to define a function, analytic in the causal 
translations r e IR 

e^i — > J d/i h{ii)e'^'^ (114) 



S{m — fi) 



Jdn 



S{in-fi) \5'(m-tJ.) ^S"{m-ii) 



5{m — fj.) 




X5'{m — ii) 
Sim — ix) 



(113) 



A measure can be multiplied with a complex number. Two measures can 
be added and multiplied via the 5-additive convolution, induced by the com- 
position in the representation monoid 

{h * h'){^i) = / diJ,idiJ,2h{iJ,i)5{ijLi -\- H2- //)/i'(//2) (115) 

Therewith the causal measures meas IR have the structure of an abelian unital 
algebrawith the unit given by the underived Dirac measure for trivial frequency 
(mass) So- 

A causal measure has the momentum N & IN if it obeys the conditions 



= : measo IR = {/lo I I d/i ho{n) ^ 0} 

1 = 0, A; = 0,...,Ar-l, 
)^0 ^ 

(116) 



N>\: mea.^lR = {/.^N{^^^tyr\=°' ^ = 0'---'^-l} 



with the Dirac point measures as examples 

5^^\m - /x) ^ (5^) e measjv R (117) 
The convolution multiplication is compatible with the momentum properties 
measjvi ^ * meaSiVj R Q measjVi+ATa R (US) 



The normalization / d/j, h{n) of a causal measure refiects the representation 
of the causal group unit 1 e D(l). Its first causal momentum will be called 



causal unit : m — J dfj. fj.h{fj,) 



(119) 



With respect to the possibly indefinite unitary causal representations, e.g. 
(l|m) in U(l,l), the measures are not required to be positive definite. This 
feature has to be taken care of in the probability interpretation of quantum 
theories. It will be discussed in connection with the spacelike supported parts 
of a propagator, i.e. with respect to the in- and outgoing particle interpretable 
causal representations (subsection 5.3). 

The functions arising in the quantization of linear fields (subsection 1.2) 
have the D(l)-analysis 

Any dynamics determines a subalgebra of the causal algebra, e.g.: The 
subalgebra measo H is related to the measures for irreducible causal represen- 
tations. Its subalgebra logD(l)^ = R uses only the point supported Dirac 
measures log 0(1)-^ = {5^ \ m e R} - it is the algebra for the irreducible 
U(l)-representations of the causal group (positive unitary characters). Its 
discrete subgroup with the integers {Szm \ ^ ^ ^} = is used for the time 
development of a harmonic oscillator with frequency m. Any subset of the 
causal measure algebra together with the unit generates a subalgebra. Such 
a set may be used in a pcrturbative approach to generate the full subalgebra, 
associated to the dynamics to be solved. E.g. the 2-elementic set {5±m| | ^ 7^ 
0} , associated to the irreducible representations e^*'"'^, generates the causal 
subgroup TL and the associated representations for the quantum oscillator. 

It is straightforward to define the algebra measR(n)^ of causal measures 

/i(g)e^«^ (121) 
for general n > 1 and energy-momenta q G R(n)^. The Lebesque measures 

2 2 2 

(F- q are invariant under the affine group SL(R" ) R" and, therewith, 
Poincare invariant. 



4.2 Representation Structure of Linear Fields 

Linear field theories on the 4-dimensional timespace R(2) (subsection 1.2) are 
not compatible with the algebra structure of causal measures. Fields with dis- 
tributive quantization cannot be used as a generating set. The divergencies 
in Feynman integrals, e.g. in the vacuum polarization of quantum electrody- 
namics, involving the undefined product ['~fkc''{m\x) + is{m\x)]^, show that the 
convolution product does not make sense for linear fields. 

In the distributive quantization of quantum fields (subsection 1.2), one uses 
the naive analogue of the 1-dimensional time D(l) structure 

(0\\m'^)(t) ~ ( ^^^'^^^^'i 

V M /V / \im sin mt cos mt J (T00\ 

CZZ) =IdqoSim^-ql)e{qo){Z)e^^^' ^ ^ 

given by the Dirac measure of the energy-momenta and a frequency qo analysis 

6{m' - q')e{qo) = d'q (123) 



The measure, integrated with an irreducible representation e**^ e U(l) of 
the additive translation group x e R(2), describes the quantization of linear 
particle fields 

((r\\\ 2\\/ \ / c*(m|a;) is{m\x) \ 

These integrated translation representations are space distributions of repre- 
sentations of the causal group D(l) 

D(l) 3 e- ^ J d^xm\m-)){x) = (0||m^)(a;o) = (t™ 

(125) 



Such a time oriented analysis and - in the Poincare group - the Wigner 
classification is appropriate for the particle interpretation of a field theory 
(subsection 5.3). With respect to the timespace manifold D(2) = D(l) x 
SD(2), the representation of the Sylvester factor SD(2) = SO+(l, 3)/SO(3) 
is not adequately taken into account - this negligence is the main reason for 
the divergency problems working with linear quantum fields. 

The realization of the Cartan group D(l) = SO^(l,l) in the Sylvester 
factor for linear fields can be seen for the manifolds D(l) x SO^(l, s)/SO(s) 
as follows: The SO^(l,s) scalar contribution in the quantization of linear 
fields (subsection 1.2) 

is{m\x) = J 6{m' - q')e{qo)me^^^ = ^ / ^m^^^ (126) 

shows the time D(l) representation properties by the space integral 

/ d^x s{m\x) — sinmxo (127) 

whereas the realization of D(l) in the Sylvester factor for s > 1 shows up in 
the ordered time integral 

±A_^-\mx\ for s = 3 

27r|x| 

(128) 

For s — 1, the orthogonal manifold D(l) x SO^(l, s)/SO(s) is isomorphic 
to the group D(l) x D(l) with elements e^°~l^l. Here the exponential e"'"^^' 
represents the space D(l) 3 e~^^^. For s = 3, the Yukawa potential is no 
representation of D(l) C SD(2) = SO+(l, 3)/SO(3). 



4.3 Point Measures for Energy-Momenta 

For the generalization of the nondecomposable representations {N\m) of the 
abelian group D(l) to realizations (iVi, . . . , iV„|mi, . . . , m„) of the homoge- 
neous timespaces D(n) with the Cartan subgroups D(l)", it is convenient to 
use the residues of loop integrals for the linear forms lR{n)^ (energy-momenta) 
of the timespace translations lR(n) 

^^e^-- = / dpi p^^\m - pi)e'^- = ^ # cf/x j^^^e'^^, (129) 



with a nontrivial constant A e H. Therewith one has as integrands for the 
(1 + N) elements of a D(l)-representation 

D(l)9e-^ {N\m){T) 

df^ (^^z^ e'^^ with A; = 0, . . . , TV ^'''"^ 

E.g., the fundamental complex 2-dimcnsional D(l)-representations use both 
poles and dipoles 

The structure of the poles, i.e. the location and the order of the singulari- 
ties, reflect the continuous and the discrete invariant of the D(l)-representation 
{N\m). The irreducible representations have the irreducible measures j^^, an 
additional nontrivial r-depcndcnce is expressed by the nondecomposable mea- 
sures f^^^jj^i+k , reducible for k = 1, . . . , N. 

The representation elements of D(l)" with Cartan coordinates {^r}r=i 
products of loop integrals 

D(if9e«-r^' ::: Jj^ (A^i|mi)(6)®---«)(A^n|m„)(e„) 



kr = A^, 



1 X rJf^ A l"" rA.ne*i,f^i^i-r----rf*n^n; 

fei!-fen! " ~ (2^ J"' ^ (A.i-miJi+'=i-(/i„-m„)i+'=^ 

with 



(132) 

As illustrated in the former subsection, the conventional relativistic field 
quantization for n = 2 uses only D(l)-representations of the determinant in 
U(l) 

D(l) 3 dete^ = e^i+-Hn ^ ^xo , — , ^imxo ^ u(l) (133) 

The correspondingly frugal analogue for the compact group U(n) are its U(l)- 
representations with only one winding number Z & 2L 

U(n) D U(l)" 3 e'l^ = {^^'^ ° j ^ giZ(/3i+-+/3„) ^ u(l) (134) 

unfaithful for n > 2. 

If the Cartan subgroup D(l)" is realized in the homogeneous timespace 
D(n) 

D(l) D(l)" D(n) (135) 
using Lebesque measures for the tangent structures 



dpLonB.^ d^'n = • • • dpL^ on R" ^ d"'? on lEl(n)^ (136) 

the n Cartan masses (mi, . . . , m„) for the GL((C^)-weights come as poles of 
the SL((D^)-invariant determinant det q — with the nth powers m" of the 
causal masses 



In the conventional field quantization for n — 2 only one continuous invari- 
ant is used (subsection 1.2) 



[138) 



The invariance group of the irreducible point measures for the D(n)-reali- 
zations 

i,^-n.')X-n..r K,---,^n)eR" (139) 

is the adjoint group SL((r") / In- The singularities arise for the invariant energy- 
momenta 



M = e(g) |detg|n 



/X for n = 1 

e{qo)'&{q'^)\^ for n = 2 



(140) 



i.e. one real pole for odd rank n of timespace and two real poles with opposite 
sign for even rank 



11^ - ni^ ^ {/I - m){ii"'~^ + m^u""^ H h m""^) 

J {m} for n = 1, 3, . . . 
1 {±m} forn = 2,4, ... 



{M e R I /x(g)" = 



C mir 



(141) 



Therewith for even rank, e.g. for the relativistic case, the representations are 
quadratic m^-dependent. 

The nonabelian compact properties in D(n) = D(l)" x SU(n)/U(l)"~^, 
nontrivial for n > 2, have to be realized via tensor product polynomials q <S> 
■ ■ • (S> q oi degree 2 J e IN in the energy-momenta, placed in the numerator of 
the integrand 



\ki-t l-fcn 

(//i-mi)i+'=i---(;i„-m„)i+*n 



\ki-\ hkn 



((j"-m^)i+'=i--((?"-mS)l+'=" (142) 

with 2J = {n-l){ki + ... + kn) 



Therewith the relevant integrands for the realization of a timespace point 
d e D(n) are given with its translations x — log d e R(n) 



Bin) 3 



Ar? „ A''i+ •+''"■ i^qg9---g9g;2j times „%qx „,;j-r, ) 
" q (gn-mr)i+'=i •••(q"-mJS)i+fen ^ ^^^^ ^ 



(iVi, . . . , A^„|mi, . . . ,mn)(a;) 

A/y' — 0^ • • • ^ yVj- 



r = 1, . . . , n 

^2J = (n-l)(/ci + --- + /c„) 



The discrete invariants can be taken in the order 



(143) 



(144) 



4.4 Realizations of Relativistic Timespace 

The representations of the rank 2 relativistic timespace manifold D(2) = 
D(l)^ X SU(2)/U(1) involve two Cartan masses (mi, 1712) G for the Cartan 
subgroup D(l)^ 

D(2) 9 I — ^ {Ni,N2\mi,m2)ix) 

rA X''^+''H'}^-m)(k,+k^) tin.cs Jq^ , ( h ^ 0, . . . , Nl (145) 

d q (,2_^.)i+.i(,2 e witli [f.^^Q jy^ 

The scalar representations use the irreducible scalar measures 
D(2)9e-^ (0,0|mi,m2)(x) 

fq piqx (146) 

leading to the well behaved explicit functions (subsection 1.2) 

(0,0|mi,m,)(x) -^/^ (..■^.^^..^.^. e-'^- 

= 6(xo)^(x^) "^^"^^"'g::f^^"^^^^^ (147) 

(0, 0|m, m)(a;) = e(a;o)'*9(a;^)£^o(?7T'^2;^) 
(0,0|0,0)(x) = e(xo)^?(x2) 

The principal value pole integration (denoted by P) has been used. The mass- 
less case with the trivial realization is particularly simple. 

The reducible, but nondccomposable realizations with (A^i,A^2) = (0,1) 
are faithful and nontrivial for both the abelian group D(l) and the nonabelian 
boost manifold SL((r^)/SU(2) - they involve both poles and dipoles 



D(2)9e^i — > (0,l|mi,m2)(a;) 



Here one has the explicit functions with the reducible measure 

TT J TT^ {q'^—m'f)p(q'^—m'^)'p 
_ \^r^2\ ix\ \^ m\£-i{m\x'^)-m\e-2.{m\x'^) _ c2 jn\ex{rn\x^) 

\ 0) \ ^4 1^ {mf—m^)^ rnf—m^ 

and the special cases for coinciding and trivial masses 



(148) 



(149) 



(0, l|m, m)(a;) = e{xQ)'d{x^){^ \ ]£o{m^x^) 
(0,l|0,0)(a;) =e{xomx%l J 



(150) 



5 Fundamental Quantum Fields 

In quantum structures, representations of causal timespace manifolds D(n) are 
parametrized by operators, i.e. quantum variables: time dependent positions 



and momenta in quantum mechanics, timespace dependent fields in relativistic 
quantum field theory. 

Nondecomposable representations {N\m) of the causal group D(l) are 
parametrizable by principal vectors, the irreducible ones (0|m) in U(l) even by 
eigenvectors (subsection 1.1) There exist pairs of cyclic principal vectors (b, b^) 
in the representation space and its dual V^V = (C^^^, which are U(A^-t-, A^_)- 
conjugated to each other and parametrize the characteristic matrix element^ 
of the representation 



pirriT 



(b^b)(r) 

e.g. A^ = 0: (b^b)(r) = (u*,u)(r) = e'™^ (151) 
A^ = l: (b^,b)(r) = iAre*™^ 

Only for the irreducible representations, the cyclic vectors are unique; in gen- 
eral, they are 'gauge dependent' [|l^, . 

Generalized for timespaces D(n) with tt. > 1, such pairs of cyclic principal 



vectors - used as operators - will be called fundamental timespace quantum 
operators. 



5.1 The Fundamental Mechanical Pair 

Quantum mechanics, n = 1, uses one kind|3 of fundamental pairs - a creation- 
annihilation pair (u, u*) in the complex or a position-momentum pair (X, iP) 
in the 'real' formulation - for the causal group D(l)-representations in U(l) 
and SO(2) resp. 

[u*,u](t)= e*™* = (0|m)(t) 

f[iP,X] \.,x _ / cosmt ^sinmA ^ /^ii 2W^\ 

V [P,P\ [X,~iP])\'') ~ \iMrnsmmt cos-mt J ~ K^W'"' )\'') 

(152) 

The D(l) representation is generated by the Hamiltonian H = + 

Representations of D(l) with a normalized positive frequency measure 

{[n\n]){t)=Jdfi hM e^^* 
■\ {[^P,X])iO) =[tP,X] = J df^' hoifi') =1 

(153) 

arise for the time developments of the ground state values of the commutators 
in the case of Hamiltonians H = + V{X) which lead to bound states only. 

There may also occur indefinite unitary nondecomposable representations 
of the causal group, if there arise not only bound states, e.g. for a free mass 

^^With V aV and ijj £ V"^ the shorthand notation {w{t2), "(ti)) = {ijj, v){t\ — T2) for the time dependent 
dual product is used. 

^'^The basically unimportant number of fundamental pairs [iPa,X),] = S^bt a,b = 1, . . . , N, e.g. N = 3 
for the 3-dimensional isotropic oscillator or the quantum mechanical nonrelativistic hydrogen atom, give 
rise to decomposable D(l) representations with 'internal' degrees of freeedom, e.g. with respect to SU(3) 
(oscillator) and SO(4) (bound states for the atoms) resp. 



D(l)9 



D(l) 3 e* 



point with Hamiltonian H = ^ 

D(l) 9 ^ [Kp])W = (; Y ) = mit) G U(l,l) (154) 



5.2 The Fundamental Quantum Fields 

Many linear fields are used for the Minkowski translations 1R(2), e.g. lep- 
ton, quark and gauge fields in the standard model of elementary particles. 
Those fields, appropriate for a free theory, do not parametrize realizations 
(iVi, iV2|mi, of the causal timespace manifold D(2), but space distribu- 
tions of time D(l) representations (subsection 4.2) with possible spin degrees 
of freedom p5[| . 

E.g., a massive Dirac field (subsection 1.2) parametrizes the space distri- 
bution of the U(l) time representation 

D(l) 3 e^" I — > "^}{x) = exp(zm|a;) = 7fcC^(m|x) + is{m\x) , ^ 
for xo = : *}(f) = 7o5(x) ^ ' 



In analogy to the fundamental bosonic pairs (u, u*) (quantum mechanics) 
with one causal unit m, fundamental fermionic pair^ (b^, b^)yi=i,2 with fun- 
damental conjugated SL((D^)-representations [1|0] and [0|1] are proposed |^ 
for the timespace manifold D(2) (quantum field theory) with two causal units 
mi 2. They are assumed to have as dual product (quantization) a faithful 
D(2) = D(l) X SL((C2r)/SU(2) realization (0,l|mi,m2) 

D(2)9e--^(0,l|mi,m2)(x) 

with {b^b}(a:) = %^/$ (,._^.)4._^.). e-^- ^^^^^ 



The characteristic property of the fundamental fields is the re- 
presentation of the external and internal operations, used for the 
definition of the timespace manifold D(2) = GL((E^)/U(2), not some 
linear field equation. The tangent flat timespace interpretation with linear 
particle fields, i.e. with positive unitary representations of the Poincare group 
[|r^ SO''"(l, 3) Xg R(2) for a given dynamics and the determination of a measure 
h{fil, fif) for a decomposable realization - in analogy to /?.(/i^) in the former 
subsection - is the essential part of the solution of a dynamics. 

A parametrization of the causal measure with point supported realizations 
may be useful for a perturbative approach to generate the causal subalgebra 
associated with a given dynamics. Being part of the causal measure algebra, 
the product representations are well defined, i.e. there arise no divergencies. 

^'^For a full fledged parametrization, also U(2) internal hyperisospin degrees of freedom have to be 
introduced to take care of possibly nontrivial properties of the cosct U(2) in the timespace manifold 
GL((C|,)/U{2). 



5.3 Particles in Fundamental Fields 



As familiar from regularization recipes, the price to be paid for the relativistic 
causal representations with convolution properties (no divergencies) is the in- 
definite metric for some representations of the timespace translations 1R(2), i.e. 
an indefinite conjugation, e.g. U(l, 1) (subsection 3.1). This price would be 
too high if it invalidated a probability interpretation of the experimental con- 
sequences. A closer analysis of the manifold D(2) and its tangent Minkowski 
translations R(2) reveals a rather subtle situation: The causal und the space- 
like submanifold ]R(2)causai and R(2)space resp. (subsection 2.1) are reflected 
in the two parts of Feynman propagators (subsection 1.2). The field quanti- 
zation realizes the timespace manifold D(2) and is supported by the causal 
submanifold of flat timespace 1R(2). The asymptotic consequences of a dy- 
namics, however, are interpreted with the spacelike submanifold for in- and 
outgoing particles. The spacelike submanifold arises only as part of the tan- 
gent translations 1R(2) on the timespace manifold D(2) (subsection 2.1). 

The fundamental quantum fields introduced in subsection 5.2 cannot be ex- 
panded in terms of energy-momenta eigenvectors only, i.e. with positive U(l)- 
representations of the timespace translations 1R(2). The causal spreading on 
four dimensions leads to negative and derived Dirac measures of the energy- 
momenta R(2)"^, e.g. 6'{m2 — q"^), related to reducible, but nondecomposable 
representations used for the 'hyperbolic stretching' group SO^(l,l) = D(l). 
Therefore, the fundamental fields contain, on the one side, positive definite 
U(l)-representations of the timespace translations, describing particles, e.g. 
leptons, on the other side they involve indefinite, e.g. U(l, l)-representations 
of the translations which describe interactions via fields without particle con- 
tent. Examples for nonparticle fields are the Coulomb interactions (no energy 
eigenvectors) in the four component electromagnetic field \T1\ A'^(x) which has 



only two particle degrees of freedom (the photons with left and right handed 
polarization). The quantization of the electromagnetic field involves U(l) and 
U(l, 1) representations of the translations as reflected by the underived 
and derived point measures 

[A^ A^](x) = / ^[-e2V^<5(g2) _ X,q''q^'{q^)]e{q,)e^^^ (157) 

2 

with 1^ the fine structure constant and Aq a gauge fixing parameter. The 
Fadeev-Popov ghosts are another example for indefinite unitary representa- 
tions of the translations [ P^ . 

The spacelike (asymptotic) behaviour of a particle field ^ (subsection 1.2) 
is completely given by the Fock value of the 'quantization-opposite' commuta- 
tor, e.g. for the electron field 



for x2 < : (C**)(x) = ([*, *])(x) 

= EXP(im|x) = C{m\x) +i'ykS''{m\x 



The spacelike behaviour is decisive for the probability interpretation - here the 
indefinite metric has to be avoided. In- and outgoing particles are a tangent 
spacelike phenomenon. 



The spacelike behaviour of particles is described exphcitely by 
( JS)) = i^<^)^(4^)aJ^[log^^o(mV) - ^o(mV)] (159) 
In addition to the functions £n, given in subsection 1.2, it involves the functions 

Me) = ^'E jioSllba + n)- 270)], J > 1 : <^(j) = 1 + i + . . . } ^^g^^ 
7o — = liKii^oo[95(i) — logj] = 0.5772... (Euler's constant) 

For relativistic timespace D(2), the quantization distributions c''{m\x), 
s{m\x) and ex.p{im\x), on the one side, and the Fock functions C{m\x), 
S''{m\x) and EXP(im|a;), on the other side, are completely different whereas 
their analogues coincide for time D(l) (subsection 1.1) 

{:ZZ) -IdqoSim' - qi) e{qo) {Zy^"' ^ I dqoS{m' - ql) e(m)(-)e^«o* 

(161) 

The Fock functions of the position-momentum pair for irreducible causal re- 
presentations in U(l) are exemplified by the harmonic oscillator with intrinsic 
length e = ^ 

{{u\n}){t) =e*™* 

( {{iP,X}) {{X,X}) ^/,^ _/0 P\( cosmt ie^smmt\ (162) 
\{{P,P}) {{X,-iP}) )[-^sinmt cosmt ) 

The value for t = reflects the U(l)-scalar product for the creation-annihila- 
tion operator pair (u, u*) 

(u*u) - 1, (uu*) = ^ 2(^2) = e\ 2(P2) = ^ (163) 



Going from time translations 1R(1) to relativistic timespace translations 
R(2), the point R(l)spacc = {0} (presence) is 'blown up' into the spacelike 
submanifold lR(2)spacc- For particle flelds, i.e. with U(l)-representations of 
the translations, e.g. for the chiral components of a Dirac electron fleld ^{x) ~ 
( r(^) ) ' creation and annihilation operators for the particle {u{q),u*{q)) and 
antiparticle (a(g),a*(g)) involved 

\ J J (27r)3 Y l9o| V2 

r(x) = f /Me~-^ ei-Mq)-e-'^'^3,*{q) (164) 

with q={\qo\,^, qo = Vm'^ + q^ 
have the U(l)-scalar product 



{u*{p)u{q)) = (a*(p)a(g-)) = {27rfS{q-p) 
{u{p)u*{q)) = (a(p)a*(^)) = 



(165) 



A rest system, used for the experiments, defines a decomposition of ]R(2) 
into time and space translations and a Lebesque measure factorization d'^q = 
d^qdqo. A corresponding representation of the spacehke behaviour shows the 
spherical waves for the particles 

C{m\x) = ^Jdqo^{qi-m^r-^^^^^^^, J d'xC{m\x) = 1 (166) 

Only the U(l)-representations of the translations have a positive definite 
scalar product as expressed by the Fock state. The indefinite unitary repre- 
sentations have an indefinite inner product (subsection 3.2), as characterized 
by (o -i) ^^'^ U(l, 1). Here the abelian U(l) Fock form is inappropriate. It 
has to be replaced by the nonabelian Heisenberg-Killing form 
trivial spacelike contributions in the Feynman propagator. 

In the nondecomposable point measure approximation for the fundamental 
fields for the realization of the timespace manifold only the U(l)-representa- 
tion of the translations can give rise to in- and outgoing particles. This is 
effected by the familiar Feynman integration prescription for a particle at its 
pole in the complex energy-momenta plane using a limit vanishing imaginary 
part ml — io (subsection 1.2) 

(Cbxb)(x) = ^/^ (,.„^.^4(,.,^.). e-^- (167) 

The representations of the translations which cannot be spanned by energy- 
momentum eigenvectors, i.e. related to the reducible, but nondecomposable 
representations - here the dipole - are confined to the causal submanifold with 
the principal value integration. They give rise to interactions, not, however, 
to particles. 



2C] leading to 
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